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We investigate the relation between the »7 3 He binding energy and width and the (complex) 7? 3 He 
scattering length. Following our systematic analysis of the 77 He scattering length we set limits on 
the ?j 3 He binding. If bound states exist the binding energy (width) should not exceed 5 MeV (10 
MeV). In addition, we comment on a recently claimed observation of an r\ mesic 3 He quasi-bound 
state by the TAPS collaboration based on 77 photoproduction data. Although our limits are in 
reasonable agreement with the values reported by this collaboration, our analysis of these data does 
not lead to a solid conclusion concerning the existence of an eta-mesic bound state. More dedicated 
experiments are necessary for further clarification. 
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The formation of 77-nucleus quasi-bound states has 
been investigated for a long time. While no such states 
have been directly observed, a quantity closely related to 
the existence of bound states, namely the 77-nucleus scat- 
tering length has been intensively studied both experi- 
mentally and theoretically. By factorizing the strongly 
energy dependent final state interaction part from the 
slowly energy dependent production mechanism 0, 0, 
one may hope to extract the scattering length from pro- 
duction reactions Q. However, that information is neces- 
sarily indirect, since the quantity actually related to bind- 
ing, namely the sign of the real part Sfta^He of the complex 
scattering length, cannot be determined from the cross 
section of the reactions pd^rfHe and 7r+t^?7 3 He 0,13. 
One may note that there is a presumably quite diffi- 
cult experimental possibility of using charge symmetry 
breaking r]ir meson-mixing in pion production in the 
neighborhood of the 77 threshold to do this 0. On the 
other hand, several theoretical studies attempt to cal- 
culate 77-nucleus scattering starting from the elementary 
r\N interaction using for example optical models based 
on the impulse approximation |7j, sophisticated versions 
of multiple scattering expansions [8|, |9j or even Faddeev- 
Yakubovsky equations Although these calculations 
are quite contradictory in numerical details, some of them 
still indicate a possibility of a large negative Sfta^Hc _ the 
latter being considered as a smoking gun evidence for the 
existence of a ?7 3 He bound state. In contrast, the opti- 
cal model calculations of Refs. 0, 0, 0, Q] exclude 
the possibility of then binding in the three-nucleon sys- 
tem and proposed 14] that the lightest bound system 
would be with 4 He. Also a Skyrme model calculation 
suggests 4 He to give weak binding, while the case of 3 He 
is inconclusive |l5j Recently our knowledge of the 77 3 He 
scattering length was revisited Q via a systematic analy- 
sis of presently available data on the pa— >77 3 He reaction. 
It is natural to extend this study and to investigate in 
how far the limits deduced for the scattering length in 
Ref. [SJ provide also constraints on the binding energy 



for the 77 3 He system. In particular, a phenomenologi- 
cal understanding of the relation between the scattering 
length and the depth of the binding and the width of the 
state would be valuable in planning possible experiments 
aimed for the direct observation of bound states. In this 
paper we present a calculation where both the depths 
and widths of the bound states together with the corre- 
sponding scattering length are interconnected in terms of 
complex potentials. 

The 77-nucleus optical potential is taken to be propor- 
tional to the density of the 3 He nucleus, 
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for which the Gaussian form 
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corresponding to an root-mean-square radius 1.9 fm is 
adopted, and /i ?) He is the reduced mass. Within the 
standard optical model calculations the strength param- 
eters Vr and Vj were taken as thrice the elementary r)N 
scattering length adjusted with the ratio of the reduced 
masses of the 77-nucleus system and the rjN system as 



V R + %Vi = 3a 



(3) 



More precisely, this factor of three stems from the im- 
pulse approximation underlying such an appraoch. Here 
the sign definition of the scattering length a is given by 
the standard effective range convention in meson physics 
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where S is the phase shift and ro is the effective range. 
We should emphasize, however, that the present study 
is not an optical model calculation in the above nar- 
row sense. Instead, here the strength parameters Vr 
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FIG. 1: The ?? 3 He binding energy B (upper panel) and width 
r (lower panel) as functions of the imaginary and real parts of 
the ?7 3 He scattering length. Results are presented for B and 
T of 1 MeV (triangles), 2 MeV (open circles), 4 MeV (close 
circles), 5 MeV (close squares), 10 MeV (inverse triangles) 
and 20 MeV (open squares). The solid and dashed contours 
show our x 2 + l solutions for the ?7 3 He scattering length |f| for 
the various data sets as explained in the text. 



and Vj are freely varied to study for which scattering 
lengths one might expect bound states to exist and with 
which energies. As a numerical check, the values of 
Vr=2.235 fm and V/=1.219 fm yield the ?/ 3 He scatter- 
ing length a^Hfi^ — 2.31+«2.57 fm in agreement with the 
result of Ref. [7J . For the scattering calculations the so- 
lution of the Schrodinger equation with the asymptotic 
boundary condition 



V'ofc(^) - * cos (5 jo(kr) — sm.5no(kr) 



(5) 



is standard and the numerics is accurate, i.e. better than 
0.01 fm in the relevant calculated quantities. The bound 
state is obtained from the corresponding homogeneous 
integral equation 



ip E (r) 



G (r,r')V opt (r')Mr'y 2 dr' (6) 



by iterating to a self-consistent energy eigensolution. 



Here the numerics is most difficult in the real and barely 
bound region. Therefore, no results with less than 
0.1 MeV binding are actually used. In this worst situ- 
ation still we would consider the accuracy of our calcula- 
tions to be better than 20 keV. The above potential with 
varying real and imaginary strengths is applied to cal- 
culate both the complex binding energies and scattering 
lengths. Fig. n shows our results for the rj 3 Kc binding en- 
ergy B and width T as functions of the imaginary and real 
parts of the r? 3 He scattering length. The different sym- 
bols indicate our results for B and Fofl, 2, 4, 5, 10 and 
20 MeV. The solid and dashed contours show our x 2 +l 
solutions for the 77 3 He scattering length [jj. The solid 
line is the solution obtained by a simultaneous fit of the 
pd— >?7 3 He data from Mayer et al. Q and Berger et al. [l8j . 
while the dashed line is our result evaluated from the 
data of Mayer et al. alone. The calculations shown in 
Fig.njindicate that, for example, the Vr and Vj strength 
of Ref. |7| resulting in a v n c =— 2.31 + «2.57 fm could not 
provide binding of the ry 3 He system. Furthermore, it is 
immediately clear that thepredictions for the fy 3 He scat- 
tering length from Refs. 0, IE S EJ do not lie in the 
region of binding, even though some of these studies indi- 
cate support for bound states 0] since they yield a nega- 
tive 3?a^Hc- Looking at the results in Fig.Q]in more detail 
one detects some strong dependencies. It seems impos- 
sible to get binding under the condition Qto,jHe^|$fta,}He|- 
This finding is in line with earlier expectations as con- 
ditions of quas i-bound states for the scattering lengths 
formulated ;14] as — 5ia l; Ho>Q ; (ij7Hc>0 or the more restric- 
tive condition ^[a 3 Hc (a* Hc — r^jjj] > involving also 
the effective range, given in Ref. 5]. Often these condi- 
tions are overlooked as criteria of bound states. However, 
it should be also noted that neither of these conditions 
is sufficient for the existence of a bound state. As an 
interesting feature it was found that a very small imagi- 
nary strength Vj could produce a large imaginary part in 
the energy E = —B — iT/2 and scattering length a^He i n 
the case of barely bound systems. The effect is relatively 
larger in the former by a factor of two. For example, for 
Vr = 2.1 fm giving only 0.25 MeV binding, a change of 
Vi from zero to 0.1 fm changes B to 0.21 MeV and V 
to 0.38 MeV, thus a 5% imaginary strength produces es- 
sentially as large an imaginary part in the energy as the 
real part. This may be understood, if one considers that 
close to threshold most of the (real) potential contribu- 
tion is cancelled by the kinetic energy. In the scattering 
length the above change is "only" et^Hc = —17.1 fm — > 
— 14.3 + i6.0 fm. However, close to the binding threshold 
also changes in the scattering length are drastic, both in 
the real and imaginary parts, a fact related to the loss 
of binding. With deeper binding the imaginary part of 
the scattering length becomes smaller. However, with an 
increasing imaginary strength or Sa^He the binding van- 
ishes even for strongly attractive potentials and at the 
same time the state may become really very wide. There 
is an accumulation point at about — 2.0-H0.9 fm to which 
all equal value contours converge with strengthening po- 
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tentials. An even more important numerical finding was 
that, while E and a v n c are individually dependent on 
the potential shape, the relation between them was rela- 
tively model independent. For two very different density 
profiles p(r) the differences between the complex ener- 
gies were less than 10% for the same complex scattering 
lengths in the region of interest. However, while a well- 
known relation between the binding energy, scattering 
length and effective range ^3] holds quite well for real 
binding energies of even 10 MeV, we found that it fails 
for the complex case. Therefore, the numerically estab- 
lished only weakly model dependent relation cannot be 
expressed by a simple analytic formula. Presently there 
are no data or any solid arguments to prove that the real 
part of the ry 3 He scattering length actually is negative 
and that the ?y 3 He system should be bound. But, to esti- 
mate the possible binding energy B and width T we select 
our solution for a^Ho with a negative real part. It may 
be noted that the result of our analysis [j| while taking 
3?a^He<0 would be within the binding region as shown by 
the contour lines in Fig^ In fact, the standard rectan- 
gular error limits [f| a^3 Ho =(— 4.3±0.3)+i(0.5±0.5) fm 
would suggest a bound state with the binding energy 
5=4.3±1.2 and width T=2.8±2.8 MeV. Taking our so- 
lution shown by the dashed lines in FigQ] and obtained 
from the data of Mayer et al. alone we deduce the 
limits for ?7 3 He binding energy B<5 MeV and the width 
T<10 MeV. 

There are some new data on r\ and tt° photoproduc- 
tion on 3 He from the TAPS Collaboration y]| at MAMI. 
Fig. [3 shows the spin and angle averaged squared transi- 
tion amplitude If | 2 extracted from data on pd^rfHe 0, 
HIM EHH H3 cross sections a as 



\f\ 2 = ~h 
q 47T 



(7) 



where k and q are the initial and final particle momenta 
in center-of-mass (cm.) system, together with corre- 
sponding results obtained from the new TAPS data on 
7 3 He— >77 3 He [l9|. The lines in Fig. [2] show the squared 
reaction amplitude given by 0, Q 
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where f p is the s-wave production operator, assumed to 
be independent of the final momentum q near the re- 
action threshold and a is the complex 7y 3 He scattering 
length. The solid line in Fig. [3 shows our overall fit Q 
to low-energy data from by Mayer et al. ,3] and Berger 
et al. H] , while the dashed line shows our fit to the data 
from Mayer et al. Q alone. For qr< 100 MeV, where the 
?7 3 Hc final state interaction dominates, the coherent pho- 
toproduction data are in good agreement with pd^rfYie 
measurements and can be reasonably reproduced by our 
s-wave analysis Q. In this sense the 7 3 He— >?7 3 He data 
could not provide new information about the sign of 
Sfta^He and from these data alone it is not possible to 
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FIG. 2: Spin and angle ave rage d transition amplitudes |.f| 2 
extracted from 7 3 He^?7 3 He and pd^Re U^WM 
I22I [2^] data as functions of the final momentum q in the 
cm. system. The |/| 2 from coherent photoproduction was 
arbitrarily multiplied by a factor of 6. The solid line is our 
overall fit [f| to low energy data from by Mayer et al. 3) and 
Berger et al. [Tg|. while the dashed line shows our fit to the 
data from Mayer et al. 0] alone. 



draw conclusions about the existence of the ?7 3 He bound 
state. However, Ref. also reports a small enhance- 
ment in the 7 3 He— >7r°pV reaction for the TT°p 180° open- 
ing angle spectra as compared with other opening angles 
for energies near the r\ threshold. The enhancement is 
assumed to arise in particular from the pionic decay of 
an iV*(1535) resonance at rest in the 3 He nucleus so that 
its decay products should have opposite momenta in the 
cm. system. The TV* (1535) resonance in turn is thought 
of being formed by absorption of a bound rj meson on a 
proton. Accordingly, the enhancement is seen as a signa- 
ture for an ?7 3 He bound state and a combined analysis in- 
cluding also 7 3 He — + ?y 3 He data yielded a binding energy 
5=4.4±4.2 MeV and width r=25.6±6.1 MeV. Curiously 
enough our prediction for B presented above - derived 
under the assumption that a bound state exists - is in 
line with this result and we would like to discuss it a little 
further. The solid squares in Fig. [3] show the difference 
between the cross section of the reaction 7 3 He— >ir°pX 
for 170°<6» 7r o p <180° and that for 150 <6» w o p <170° as a 
function of the invariant collision energy yG. This dif- 
ference exhibits an enhancement in the vicinity of the 
7 3 Hc^?7 3 He threshold, the latter being indicated by the 
arrow. Considering this enhancement to be entirely due 
to the formation of a ?7 3 He bound state we adopt the same 
strategy as in Ref. [n| and fit this resonant cross sec- 
tion, i.e. solid squares in Fig. [3 using the nonrelativistic 
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3: The ^Ue^rj m 
the difference between 



170 u <^o p <180' 



cross section (open circles) 
the 7 3 He— nv°pX reaction for 
and that for 150 o <6»^ Op <170° (solid squa- 
ress) as a function of the invariant collision energy y/s. The 
arrow indicates the rj production threshold. The dashed curve 
is a fit to the data based on Eq. and the solid curve is the 
result based on Eq. ij?). employing the amplitude shown in 
Fig. 13 (solid line). 



Breit-Wigner form 
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and 7 3 He— >r? 3 He data as was done in Ref. [T^. The latter 
data arc in line with our analysis of the ?7 3 He scattering 
length, cf. Fig. and accordingly with the limits we set 
for the binding energy. However, as already mentioned 
above, these data do not provide any constraints on the 
sign of SRa^Hc- The sign is solely inferred from the data 
on 7 3 He— s-7r ;jX and therefore subject to the ambiguity 
that is reflected in the large uncertainty of the values for 
B and T that we (but also the authors of Ref. 0) de- 
duced. In this context we want to point out that with the 
opening of the ?7 3 He channel one would anyway expect a 
cusp structure at the threshold which would give rise to 
a similar enhancement as exhibited by the dashed curve 
in Fig. |21 but corresponds to a positive sign of !fta r) Hc- 
Due to these reasons we do not consider the results of 
Ref. |l9j | as an unambiguous signature of an 7y 3 He bound 
state. 

In summary, we have studied the relation between the 
r) He binding energy and width and the ?y 3 He scattering 
length. While, based on final state analyses of ij pro- 
duction reactions, one cannot obtain direct information 
about the existence of ?7 3 He bound states, it is, neverthe- 
less, possible to find constraints regarding the range of 
energies and widths where such a bound state could be 
possible. Thus, assuming that the real part of the ?7 3 He 
scattering length is negative and following our systematic 
analysis |f| of a^He evaluated from available data for the 
pd-^rrfiie reaction, we set the limits for the binding en- 
ergy to B<5 MeV and for the width to T<10 MeV. How- 
ever, whether or not a bound state indeed exists cannot 
be deduced from our analysis, simply because we have no 
reliable empirical information on the sign of SRa^jjc- 



with to,,=547.3 MeV, m3 Hc =2808.398 MeV. The fit 
is shown by the dashed line in Fig. |21 We ob- 
tain £=0.43±2.9 MeV and T=27.9±7.2 MeV with a 
X 2 /dof=0.89 based on the data points (squares) shown 
in Fig. |21 Obvio usly our result is smaller than the values 
quoted in Ref. and, as a matter of fact, so close to 
the threshold that it is compatible with zero. Thus, it is 
impossible to conclude from these data alone whether the 
structure is a signature of a bound state or not. To im- 
prove the analysis one might combine the 7 3 He^7r pAT 
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